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1. INTRODUCTION 
In his study of 3’-groups G whose 2-local subgroups are core-free and 
2-constrained [8, Part II], Thompson establishes the following important 
preliminary result: If A is an elementary abelian 5-subgroup of maximal rank 
subject to lying in a 2-local subgroup and the rank of A is at least 3, then A 
contains every element of order 5 in C,(A). 
In work by the first author [6] on groups of order 2”3b13c, one is forced 
to consider the analogous problem for the prime 3. As in Thompson’s 
situation there are two cases to consider, depending upon whether the 
centralizers of suitable subgroups of A are or are not all 3-constrained. The 
object of the present paper is to put the p-constrained case of this problem in a 
general framework for arbitrary odd primes. 
Our main result is Theorem A below. It is of a somewhat technical nature; 
however, it has a number of consequences that have proven to be useful in 
other contexts. 
Before stating our results, we recall that for a prime 4, a noncyclic q-group 
Q is said to be of symplectic-type if each characteristic abelian subgroup of Q 
is cyclic. Such groups have been classified by Hall [2, Theorem 54.91. In 
particular, if q = 2, then Q is the central product of an extraspecial group and 
a cyclic group, or the central product of an extraspecial group and a group of 
maximal class, or Q is of maximal class. 
Our results are based on the following general hypothesis: 
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(*) p is an odd prime and A is a noncyclic elementary abelian p-sub- 
group of G of maximal rank subject to lying in a 2-local subgroup of G. T is a 
2-group normalized by A and C,(a) is p-constrained whenever a E A# and 
[A, G-(41 f 1. 
THEOREM A. Let G be a finite group andp be an odd prime and suppose that 
G has subgroups A and T satisfying (*). Then one of the following conditions 
holds: 
(a) A contains every element of order p in Co(A). 
(b) A centralizes T. 
(c) p = 5, T is extraspecial, and either 
(i) 1 A: C,(T)1 = 5 and T z Qe*D, , OY 
(ii) A E 2, x Z5 and A is faithful on T. 
(d) p = 3, and either 
(i) T is of symplectic type, 
(ii) 1 A: C,(T)\ = 3 and C,(A) = 1, OY 
(iii) A E 2, x 2, , C,(A) = 1, and A is faithful on T. 
One of the consequences of Theorem A is that in certain circumstances it 
enables one to deduce the existence of suitable nontrivial A-signalize func- 
tors. Hence we have 
THEOREM B. Let G be a finite group in which all 2-local subgroups are core- 
free and 2-constrained, and let p be an odd prime. Let M be a maximal 2-local 
subgroup of G with T = O,(M), and suppose that M contains an elementary 
abelian p-subgroup A such that A has rank at least 3, and A and T satisfy (*). 
with respect o G. Then one of the following holds: 
(a) p = 3 and T is of symplectic type. 
(b) 0,*(&-(a)) has even order for some a E A#. 
In particular, if C,(a) is p-constrained for all a E A#, is follows from Theo- 
rem B that either p = 3 and T is of symplectic-type or else 0(&(a)) = 
O,(C,(a)) defines a nontrivial A-signalizer functor on G. This last result 
has been used by Gorenstein and Lyons in their work on groups with sol- 
vable 2-local subgroups [4]. 
THEOREM C. Let G be a finite group, p 3 5 an odd prime, P a Sylow 
p-subgroup of G, and suppose that P normalizes no nontrivibl2-subgroups of G. 
Suppose that all p-local subgroups of G are p-constrained and that d > 3 is the 
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maximum of the ranks of the elementary abelian p-subgroups of G l’?sg in a 
24ocal subgroup If O(N) is a p-group f or each 2-local subgroup N of G, then G 
has an involution x with the following properties: 
(a) Co(x) contains an elementary abelian p-subgroup of rank d. 
(b) O,,,,(Co(x)) has cyclic or generalized quaternion Sylow 2-subgroups. 
We remark that all Chevalley groups of characteristic p and large enough 
Lie rank satisfy the hypothesis of Theorem C. 
THEOREM D. Let G be a finite group, p be an odd prime, and P be a Sylow 
p-subgroup of G. Suppose that P normalizes no nontrivial 2-subgroups of G. 
Suppose that all 2-local subgroups of G are core-free and 2-constrained and all 
p-local subgroups of G are p-constrained. Let A be an elementary abelian p-sub- 
group of G of maximal rank d > 2 subject to lying in a 2-local subgroup. Then 
d = 2 and moreover one of the following holds: 
(a) A contains every element of order p in Co(A). 
(b) p = 3. Moreover in this case we can choose A and a maximal A-inva- 
riant 2-group T such that T is extraspecial and is the centralproduct of w A- 
invariant quaternion groups, where Ed’ = 2,3, or 4. 
(c) p = 5. In this case T is extraspecial of width 10, being the central 
product of 5 quaternion groups and 5 dihedral groups. 
Theorem D plays an important role in some work of the second author 
on groups of characteristic 2, p-type [7]. 
Our notation and terminology are standard and follow that of [2]. In 
addition, Z, , D, , Qzn denote the cyclic group of order n, the dihedral 
group of order n, and the generalized quaternion group of order 2”, respec- 
tively. A 2-group R is of type U,(4) if it is isomorphic to a Sylow 2-subgroup 
of Us(4). Thus R is a special 2-group of order 64 with exactly 3 involutions, 
each of which is central. The central product of the groups X and Y is 
denoted by X*Y. Finally, for any prime p, the p-rank of the group X is by 
definition the rank of the largest elementary abelian p-subgroup of X, and 
is denoted by m,(X). If X is itself a p-group we will often write this as m(X). 
2. THE PROOF OF THEOREM -4 
In this section we will present a proof of Theorem A. We begin with a 
preliminary result that clarifies the nature of those 2-groups with which we 
must deal. 
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LEMMA 2.1. Let R be a 2-group of 2-rank at most 2, and suppose that R 
admits a nontrivial automorphism OL of odd order such that C,(U) has 2-rank at 
most 1. Then R is isomorphic to one of the following groups: Qs , Q8 c D, , 
Qs * Zgt, Z,n x Z,n, n 3 1, OY of type U,(4). 
In particular, OL has order 3 except when R s Q8 * D, and 01 has order 5. 
Proof. If R is of symplectic-type then we must have R isomorphic to 
Qs * Z,n or Qs * D, as these are the only such 2-groups of rank 2. 
Hence we may assume that R has a noncyclic elementary abelian character- 
istic subgroup Q. As R has rank 2, then Q s Z, x Z, and Z = Q’,(Z(R)) < Q. 
If 1 Z 1 = 2 then (Y stabilizes the chain Q > Z > 1 and hence centralizes Q. 
As C,(a) has rank 1, this is impossible, and we conclude that Q = Z and 
Co(a) = 1. But now we get CR(~) = 1, for otherwise C,(a) x Z has rank at 
least 3, which is impossible. Thus R = [R, (a>], and Lemma 5.28 of [9] 
yields the desired conclusion. 
Now let G be a group satisfying the hypotheses of Theorem A. We can 
suppose that A does not contain every element of order p in C,(A). We argue 
in a sequence of lemmas that either (b), (c), or (d) of Theorem A must hold. 
LEMMA 2.2 Let E be a nonidentity subgroup of A such that [rZ, C,(E)] # 1. 
Let B be a subgroup of A that contains E. Then the following conditions hold: 
(i) Co(B) is p-constrained. 
(ii) If [ A: B 1 =p”; k > 0, then m(C,(B)) < k f 1. 
Proof. Let b E E#. Then [A, C,(b)] # 1 so Co(b) is p-constrained by 
hypothesis (*). Since Co(B) is a p-local subgroup of Co(b), then Co(B) is 
p-constrained by Theorem 4 of [3], so (i) is proved. 
In proving (ii) we may assume by way of contradiction that C,(B) contains 
an elementary abelian subgroup V of rank k + 2. Now set K = C,(B). Since 
A is contained in an elementary abelian p-subgroup of rank m(A) + 1, then 
O,(K) has odd order. Since K is p-constrained by (i) then there is a T-inva- 
riant Sylow p-subgroup P of O,,,,(K) on which V acts faithfully. We are 
thus in a position to apply Lemma 5.34 of [9] to the group PV. We conclude 
that P contains a V-invariant subgroup R with RVz DS8 x *** x DzD , 
where there are k + 2 factors. Thus we may choose an involution v E V+ such 
that v centralizes a hyperplane R,, of R. Evidently B < P and B intersects R 
only in the identity, so v centralizes the group B x R, . But m(B x R,) = 
m(B) + m(RJ = m(A) - k + (k + 1) = m(A) + 1. This contradicts the 
maximal choice of A, so part (ii) is proved. 
LEMMA 2.3. If C,(A) # 1 then A centralizes T or T is of symplectic type. 
481i37/2-13 
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Proof. Suppose A does not centralize T. If the lemma is false then T 
has a noncyclic elementary abelian characteristic subgroup Q. Moreover we 
may choose Q so that 2 = @Z(T)) < Q. 
Since ,4 does not centralize T, it follows that [A, C,(E)] f 1 for some 
subgroup E < A. By Lemma 2.2 we have m(C,(A)) = 1, and so [Q, A] # 1. 
Thus there is a hyperplane B of A satisfying [Co(B), A] # 1. Another 
application of Lemma 2.2 yields Co(B) z Z, x Z, . Set Q,, = Co(B). Now if 
C,(A) f 1, then A stabilizes the chain Q,, > C,(A) > 1 and hence 
[Qs ,a] = 1, a contradiction. We conclude that C,(A) = 1. -4pplying the 
first argument to Z, we obtain the existence of a hyperplane B, of A such that 
[A, Cz(B,)] = Cz(B,) g Z, x Z, . But we have C,(A) f 1 by hypothesis, 
so Cz(B,) x C,(4) has rank 3 and is centralized by B,. Since [A, C,(B,)] # 1, 
this contradicts Lemma 2.2, and this lemma follows. 
LEMMA 2.4. If p = 5 then A centralizes T, or T is extraspecial and 
1 ,4: C,(T)] < 25. 
Proof. We may assume that A does not centralize T. Hence there is a 
hyperplane B of d satisfying [C,(B), -41 + 1. By Lemma 2.1 the only 
possibility is C,(B) z Qs c D, . As a consequence we get C,(A) f 1, so T 
is of symplectic-type by Lemma 2.3. Moreover, if Q is a characteristic 
abelian subgroup of T then Q is cyclic, hence is centralized by B. Therefore 
1 Q : = 2, so in fact T is extraspecial, as required. 
Finally, suppose that i A: C,,,(T)1 3 53. Then A has a subgroup B of 
index 25 such that A/B acts faithfully on C,(B). Now B f 1 so C,(B) has 
rank at most 3 by Lemma 2.2, and moreover C,(B) is extraspecial by the 
first paragraph. However it is straightforward to check that no extraspecial 
2-group of rank at most 3 admits a faithful Za x Z, . This contradiction 
completes the proof of the lemma. 
LEMMA 2.5. If p = 3 and i A: C,.,(T)/ > 33, then T is of symplectic-type. 
Proof. After Lemma 2.3 we need only show that C,(A) f 1, so suppose 
to the contrary that C,(4) = 1. S ince 1 A: C,(T)/ > 33 then A has a sub- 
group B of index 9 such that A/B acts faithfully on R = C,(B), and as 
B # 1 then m(R) < 3 by Lemma 2.2. Let A = B x B, so that B, acts 
faithfully on R and C,(B,) = 1. 
Now as m(R) < 3 and C,(B,) = 1, we get that Z = S2,(Z(R)) G Z, x Z, , 
so that B, = Csl(Z) has order 3. Let S be a B, invariant subgroup of R 
minimal subject to [S, B,] # 1. Then S is special, B, centralizes a(S), and B, 
acts irreducibly on S/@(S). Since C,(B,) = 1 we get either @(S) E Za x Za 
or @(S) = 1 and S E Z, x Za . In the latter case we have C,(B,) = 1 so 
that S x Z is an elementary subgroup of R of order 16, contradiction. So we 
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may assume that 0(S) = 2, x Z, . But as BI is irreducible on S then 
G7Jww)> = c&9 f 19 so in this case @(S) = Cs(B,) = 1, a contra- 
diction. 
We can now complete the proof of Theorem A. We may assume that 
[T, A] # 1, in which case there is a hyperplane B of A satisfying 
[C,(B), A] # 1. By Lemma 2.2 m(Cr(B)) < 2, m(Cr(A)) < 1, and the 
possibilities for C,(B) are listed in Lemma 2.1. In particular we have p = 3 
or 5. 
Suppose thatp = 5. By Lemma 2.4 T is extraspecial and ] A: C,(T)1 < 25. 
Suppose that ] A: C,( T)I = 25 and C,(T) # 1. Then we can apply the 
argument of the last paragraph of the proof of Lemma 2.4 and derive a 
contradiction. So in fact either 1 A: C,( T)I = 5 or C,(T) = 1, in which case 
the conclusions of part (c) of Theorem A hold. 
Finally, suppose that p = 3. If T is of symplectic-type then part (d) (i) of 
Theorem A holds, so we may assume that this is not the case. By Lemma 2.5 
we get I A: C,(T)1 < 9, and moreover C,(A) = 1 by Lemma 2.3. If 
1 A: C,( T)i = 9 and C,(T) f 1 we derive a contradiction as in the last 
paragraph of the proof of Lemma 2.5, so either 1 A: C,(T)! = 3, or 
C,(T) = 1. Now the conclusions of part (d) of Theorem A follow easily. 
3. THE PROOF OF THEOREMS B, C, AND D 
The utility of p-groups A which satisfy part (a) of Theorem A is due in 
part to the following result. In its present form it is due to Bender [I], and is 
an extension of an earlier result of Thompson [lo]. 
LEMMA 3.1. Suppose H is a p-constrained group for the odd prime p and D 
is a p-subgroup of H that contains every element of order p in C,(D). Then 
O,(H) contains every D-invariant p’-subgroup of H. 
As a consequence of Lemma 3.1 we can easily derive the following result, 
which provides the connection between Theorem A and the remaining 
theorems. 
LEMMA 3.2. Let G be a group, p be an odd prime, and A be an elementary 
abelian p-subgroup of G containing every element of order p in Co(A). Let T 
be an A-invariant 2-group not centralized by A, and suppose that A, T satisfy 
(*). Then 
(a) O,(Co(a)) has even order for some a E A#. If we further assume that 
all p-local subgroups of G are p-constrained then 
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(b) Either m(A) = 2 or a Sylou: p-subgroup of G normalizes some non- 
trivial 2-group. 
Proof. Since A is noncyclic by assumption (“), then there is some a E A+ 
satisfying [A, C=(a)] # 1. Hence C,(a), being an A-invariant #-subgroup of 
the p-constrained group C,(a), lies in O,,(C,(a)) by Lemma 3.1, so (a) is 
proved. 
Turning to part (b), suppose that all p-local subgroups of G are p-con- 
strained and that rn(rz) > 3. Then there is a subgroup B of A such that 
B z 2, x 2, and B centralizes some element U of @(p). Now we can choose 
b E B# such that [A, C,(b)] # 1, i.e., there exists a hyperplane A, of A 
such that [A, &(A,)] # 1, so we may choose b E B n A, . Then O,,(C,(b)) 
has even order by part (a). Let S be a U(b)- invariant Sylow 2-subgroup of 
O,,(C,(b)). Then we can choose u E P such that C,(U) # 1, and we obtain 
C,(u) x (bj < C,(u). w e show next that C,(U) < O,,(Co(u)). So let 
L = C,(U), L = L/O&), i? = O,(L) and suppose that C,(U) # 1. As L is 
p-constrained then Cs(zr) is faithful on 8. However, we have [C,(U), C&] < 
R n O,,(C,(b)) = 1, so [C,(U), R] = 1 by the P x Q-lemma, contradiction. So 
we have shown that C,(u) < O,,(C,(u)), and in particular O,(C,(u)) has 
even order. 
Xow as c E g&(p) we can choose WE SCLV&) with C < W. Hence W 
normalizes some (nontrivial) Sylow 2-subgroup of O,,(C,(u)). By the trna- 
sitivity theorem [2, Theorem 8.561 a Sylow p-subgroup of G normalizes 
some nontrivial 2-group, and the lemma is proved. 
It is now easy to prove Theorem B, so assume the notation and hypothesis 
of the statement of Theorem B. As M is corefree and 2-constrained then A 
is faithful on T. Since m(A) > 3, Theorem A yields only two possibilities, 
i.e., either A contains every element of order p in C,(A) or else p = 3 and T 
is of symplectic-type. Thus, the conclusions of Theorem B follow from 
Lemma 3.2(a). 
Sow we turn our attention to Theorem C, so assume the hypotheses of 
Theorem C. Hence A is an elementary abelian p-subgroup of G of maximal 
rank subject to lying in a 2-local subgroup of G. Moreover m(A) 3 3, all 
p-local subgroups of G are p-constrained, and a Sylow p-subgroup of G 
normalizes no nontrivial 2-group. If A contains every element of order p in 
C,(A), then the argument of Lemma 3.2 yields a contradiction. So we 
conclude that this is not the case. Let T be a maximal 2-group normalized by 
A. Since A, T satisfy (*), it follows that either part (b) or part (c) of Theorem 
A must hold (for we are assuming that p > 5). 
Suppose first that (b) holds. Since C,(A) is p-constrained, the argument of 
Lemma 2.2(ii) implies that T is either cyclic or generalized quaternion. Let x 
be the unique involution of T in this case. Thus A x T < C,(X) and as 
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O(C,(x)) is a p’-group by assumption, then AT normalizes a Sylow 2-sub- 
group T, of O,,,,(C,(x)). Maximality of T ensures that T,, < T, so Theo- 
rem C follows in this case. 
Hence we may suppose that part (c) of Theorem A holds. As m(A) 3 3 
we deduce that p = 5, T z Qs * D,, and ! A: C,(T)1 = 5. Let 
B = C,(T) # 1 with L = C,(B). Now as A does not contain every element 
of order 5 in C,(A) then O,,(L) has odd order, so if V is a four-subgroup of T 
then there is a v-invariant Sylow 5-subgroup P of O,,,j(L) on which I/’ acts 
faithfully. By Lemma 5.34 of [9] th ere is a I/=invariant subgroup R of P with 
RF-g D10 x D,, . Now we can choose an involution v E I’ - Z(T) such 
that R, = C,(v) = [R, , Z(T)] # 1, and [v, B x R,] = 1. Note that 
m(B x R,) = m(A). 
Eow set M = C,(v). As O(M) is a 5’-group then there is a (B x Ii,,) Z(T)- 
invariant Sylow 2-subgroup S of O,,,,(M). Sow if [S, B x R,] = 1 then 
m(S) = 1 by Lemma 2.2(n) applied to the p-constrained group C,(B x RO) 
(note that B x R, does not contain every element of orderp in its centralizer). 
We are finished in this case, so we may assume that [S, B x R,,] # 1. Now 
Theorem A(c) implies that S g Qs * D, and (a) = Z(S). Since v E T we 
have C,(v) = (v) x Q with Q G Qs , and 2 = Z(Q) = Z(T). Now if 
Z < O,,,,(M) we get that R, = [R, , Z] < O(M), a contradiction. Thus 
Z Q: O,,,,(M), so Q intersects O,,,,(M) in the identity. But the outer auto- 
morphism group of Qs * D, contains no subgroup isomorphic to Qs , so 
[Z, S] = 1, and so S < N = C,(Z). 
Finally, if O,*,,(N) has Sylow 2-subgroups of rank 1 we are done, so we 
may suppose this is not the case. Let H be an S-invariant Sylow 2-subgroup of 
O,,,,(N). By Theorem A we must have Hz Qs * D, and so Z = Z(H). 
Moreover H g T so I/ < O,,,&lr) hence we may assume that Y < H. Now 
(vi = Z(S) < H and v $Z(H), so S/S n H induces outer automorphisms 
of H. But S n H = (v) so S/S n H is elementary of order 16. As H has no 
such group of outer automorphisms we have obtained a contradiction, so that 
the proof of Theorem C is completed. 
It remains to prove Theorem D. So let A be an elementary p-subgroup of 
G of maximal rank subject to lying in a 2-local subgroup of G. Hence 
m(A) = d > 2. We may suppose that A does not contain every element of 
order p in C,(A). We argue in a sequence of lemmas that the conclusions of 
Theorem D hold. We start with 
LEMMA 3.3. We can choose A and a maximal A-invariant 2-group T such 
that T is of symplectic-type. 
Proof. Let Tl be a maximal A-invariant 2-group. Since Tl = O,(N,( Tl)) 
and 2-local subgroups of G are core-free and 2-constrained by assumption, 
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it follows that C,(T,) = 1. If Crl(A) f 1 we are done by Lemma 2.3, so we 
may assume that CrI(A) = 1. Hence there is a hyperplane B of A such that 
[A, Crl(B)] # 1 and so m(CrI(B)) = 2. Let V be a four subgroup of Crl(B). 
As usual we can argue that V is faithful on a Sylow p-subgroup P of 
O,,,,(C,(B)) and that there a subgroup R of P such that RVr D,, x De9 . 
So there is an involution o E V# with R,, = C,(o) # 1. Let T, be a maximal 
B x R,-invariant 2-subgroup of G that contains V. As B x R, < B x R 
and m(B x R,) = d, then B x R, satisfies the same conditions as A. Since 
CT2(B x R,) # 1 then T, is of symplectic-type by Lemma 2.3 once again, 
and the lemma is proved. 
From now on, we will assume that A and T are chosen to satisfy the con- 
clusions of Lemma 3.3. Moreover for all such choices of A, T we will assume 
that T is chosen so that T has maximal width, say m. Hence w > 2. We also 
set 2 = SZ,(Z(T)). 
LEMMA 3.4. One of the following occurs: 
(a) p = 5 and T is extraspecial. 
(b) p = 3 and T = Z(T)* [T, A] where [T, A] is extraspecial of width w. 
Proof. As A is faithful on T then there is a hyperplane B of A satisfying 
[C,(B), A] # 1. Now C,(B) has rank at most 2 by Lemma 2.2, so C,(B) 
has a cyclic center. Now Lemma 2.1 yields only two possibilities: either 
p = 5 and C,(B) s Qs + D, , or p = 3 and C,(B) s Q8 * Z,, for some 
n > 1. It follows that C,(A) is cyclic and that C,(A) = Z(T), and the lemma 
follows. 
LEMMA 3.5. T = O,(C(Z)). 
Proof. Let H = O,(C(Z)). Now TA < C(z), so as T E&*(A; 2) then 
H < T. It follows easily from Lemma 2.3 that H = Z(T) * [H, A] where 
H,, = [H, A] is extraspecial. Hence H,, is the central product of its subgroups 
CHO(B) as B ranges over the hyperplanes B of A satisfying C,JB) # Z. Thus 
if H # T then there is a hyperplane B of A satisfying CHO(B) = 2, 
C,(B) > Z(T). In this case we get [C,(B), H] = 1, against the fact that C(Z) 
is 2-constrained. This proves the lemma. 
LEMMA 3.6. Suppose that E is an elementary abelian subgroup of C(Z) of 
type (p, p). Then C,(E) contains no extraspecial subgroup of width d - 1. 
Proof. Suppose false, with T, an extraspecial subgroup of C,(E) of 
width d - 1. Let K = Co(E). As usual we have O,(K) of odd order, so 
T, acts faithfully on a Sylow p-subgroup P of O,,,,(K). 
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Now as T, has width d - 1 it has rank d - 1 or d. Let V be an elementary 
subgroup of T,, of maximal rank. If m(V) = d then by Lemma 5.34 of [9] 
there is an elementary subgroup R of P admitting V faithfully and satisfying 
R n E = 1. But then a suitable involution v E V satisfies m(C(w) n ER) = 
d + 1, contradiction. So in fact m(V) = d - 1. By the classification of extra- 
special 2-groups [2, Theorem 55.21 we must have T0 E Dt-’ * Qs , that is 
T,, is the central product of d - 2 copies of D, and a single copy of Qs . 
But E is faithful on C(e) n [T, Ej. U I ow this latter group is extraspecial, 
not isomorphic to D, , hence contains a copy of Qs . Hence C,(e) contains as a 
subgroup Dt-’ * Q, * Qs which has rank d + 1. Now repeating the previous 
argument with C(e) replacing K, we obtain the desired contradiction. The 
lemma is proved. 
LEWU 3.7. If p = 3 then the following hold: 
(a) d = 2. 
(b) T is extraspecial of rvidth 2, 3, or 4. 
Proof. A simple computation shows that we can choose an element 
a E A+ such that C,(a) contains an extraspecial subgroup TO E Qt-‘, and 
such that -4, is faithful on To where A = (a) x A,, . 
Let K = C,(a). Thus O,,(K) has odd order and T,,A, is faithful on some 
Sylow 3-subgroup P of Q3rS3(K). Let C be a critical subgroup of P with 
D = a,(C) (cf. [2, Theorems 53.11, 5.3.131). Hence T,A, is faithful on D, 
and both Z(D) and D/Z(D) are elementary. 
First we show that D is extraspecial if d >, 3, so suppose that this is false. 
Hence Y = Z(D) has rank at least 2. Set Y0 = C,(Z) 3 (a). If Y, # (a) 
then m(YJ > 2. But we have [TO, Ya] < Y0 n O,(C(Z)) = 1 by Lemma 
3.5, that is Y,, centralizes an extraspecial subgroup of T of width d - 1. 
This contradicts Lemma 3.6, so we have shown that Y,, = (a). Hence, if 
Y f (a) we have Y = Y,, x Y1 where Yr = [Y, Z] admits T,,A,, faithfully. 
Assuming that d > 3, we get that T,, has width d - 1 3 2, so we can 
choose an involution t E T,, - Z such that CT,(t) is faithful on Crl(t). Now 
CTO(t) contains an extraspecial subgroup of width d - 2. By the representa- 
tion theory of extraspecial groups (cf. [2, Theorem 5.5.5]), we get 
m(Crl(t)) 3 2d-2. On the other hand, we have m(Cr(t)) ,< d, so as a 6 Yl we 
get 2d-2 < d - 1. Hence d < 3, so d = 3 and ToAo z ,X,(3) * S&.(3). 
Moreover m(Crl(t)) = 2 f or any involution t E T,, - Z, so m(Y1) = 4 and 
TJ, =+ GL(4,3). But GL(4, 3) contains no such subgroup, a contradiction 
which finally proves that either d = 2 or D is extraspecial. 
We continue to assume that d > 3. Next we show that d < 5. Indeed, there 
is an involution t E To - Z such that CTo(t) is faithful on C,(t) = Dl , say. 
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As CrO(t) contains an extraspecial subgroup Tl of width d - 2 we obtain as in 
the previous paragraph that m(D,/Z(D1)) > 2d-2. So Or is extraspecial of 
width at least 2d-S, hence m(4) > 2d-3 + 1. We get 2d-3 + 1 < d, so 
d < 5 as required. We treat the various possibilities for d individually: 
Case 1. d = 5. Retaining previous notation, we have T, g Qs4 in this 
case, so Tl E Qs” * Ds . Moreover, Or has width at least 4, rank at least 5. 
As d = 5 then D, has width exactly 4. In this case there is an involution 
t, E Tl - Z such that D, = CD1(t) has width exactly 2. But Crl(t,) r 
(t) x Qs2, so Qs * Qs c+ Sp(4, 3). This latter group has 2-rank 2, while 
Qs2 has rank 3. This contradiction shows that this case cannot occur. 
Case 2. d = 4. Here, we have To z Qg3, A,, s (3, 3, 3), Tl g Q8 + D, , 
and D, has width 2 or 3. Thus D has width at most 6, and so D admits no 
faithful, extraspecial 2-groups of width 4. From this we deduce that C,(b) 
has width at most 3 for all b E A#, and it follows that Ed’ < 6. 
Suppose first that D, has width 3. As [t, Dl] = 1 then L = C,(t) contains 
D, , which has rank 4. As d = 4 and as D, is faithful on O,(L) then O,(L) is of 
symplictic-type by Lemma 2.3, so O,(T) g T by Lemma 3.5, so O,(L) has 
width w < 6. It follows that D, c+ 0*(12,2). But this is impossible; for 
instance we can choose x E D, - Z(D,) such that CD1(x), which contains an 
extraspecial group D, of width 1, is faithful on C(X) n O,(L). Hence in this 
case D, c+ 0*(4,2), which is absurd. 
Next, suppose that D, has width 2. If t is a central involution of G we gain a 
contradiction as above, so we may assume that (t) + Z. Let H = O,(C,(t)), 
with V = Gr(Z(H)). Hence (t> < V and D, is faithful on I’. Let Z, = Z(D,) 
and Vr = [I’, Z]. Next we show that V, f 1, so suppose that V, = 1, that is 
[V, Z,] = 1. Now Z, = (a), so we have [V, Dl] < V n O,,,,(K) = 1, that 
is D, centralizes V. But V contains a central involution of G, so again we 
gain a contradiction by a previous argument. So indeed we have V, # 1, so 
D, is faithful on V, . As Dl has width 2 then m(Vr) > 9. 
Now if we can choose x E D,# such that m(CV1(x)) 3 5, a simple application 
of Lemma 5.34 of [9] to the group O,~,,(CG(x)) C,(X) yields an involution 
u E CVl(x) centralizing an elementary 3-subgroup of O,,,,(C(x)) of rank 5. As 
d = 4, this is impossible, so there is no such x. We conclude that 
m(Cvl(x)) < 4 for x E DIP, so m( V,) < 12. Hence, we have D, C-+ GL(12,2). 
This is also impossible for there is x E D,# with CD1(zc) = (x) x D, , D, 
extraspecial of width 1, and D, faithful on CV1(x). Hence this tells us that 
D, C--+ GL(4,2) s A, , an absurdity. So case 2 cannot occur. 
Case 3. d = 3. In this case T,, g Qs * Qs acts faithfully on D which is 
extraspecial of width at most 4. 
If D has width 2 then T,, c+ Sp(4,3) which, as we have seen before, is 
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impossible. If D has width 3 then C,(Z) h as width 1, a contradiction. Hence, 
D has width 4. This forces D, = CD(t) to have width 2, so D, has rank 3 and 
L = CG(t) N C(Z). Let H = O,(L) - T, H,, = [H, DJ. 
Now if x E Dl# then CHO(x) has width at most 3. If CHO(a) # (t) we get 
[CH,(u), DJ = 1 and hence C,O(a) g Qs . As D, is faithful on [Ho , a] and as 
C(X) n [Ho , u] has width at most 2 for x E D1#, we get that H,, has width at 
most 6. Hence D, c-t O&(12,2), a contradiction as before. We have shown 
that CH,(u) = (t). 
Nlext, as L N C(Z), then C(Z) contains an extraspecial subgroup E z D, . 
As E has rank 3 we may assume that A < E. If E,, = Z(E) then C,(E,,) is 
cyclic by the last paragraph. If Cr.(e) had width at most 2 for e E E - E, we 
get that T has width at most 6, so E G 0*(12,2), contradiction. So we may 
assume that a is chosen so that C,(u) has width 3. Thus C(u) n [T, Ej gg Qs3. 
Let T, = C(u) n [T, E]. 
T, is faithful on D, and t E T, - 2 centralizes D, , an extra-special sub- 
group of D of width 2. Let CT,(t) = (t> x T, so that T3 g Qs * D, . T3 is 
faithful on D, , and DlT3 is faithful on H = O,(C(t)). Now define the integer 
01 via 20 = 1 IiT,( C,(D,)I . As T3 is faithful on D, we get a > 5. Let I 
be a Sylow 2-subgroup of NL(D1)/CL(D1). Now D, has 240 noncentral 
elements, so there is x E D, - (a} with C,(x) # 1. Choose x so that C,(X) 
is a Sylow 2-subgroup of C(X) n (ArJDJCL(Dl)) and such that j C,(x)! = 2s 
ismaximal.So~>a-431. 
Now let M = C,(x). By the previous paragraph, C,(X) contains a subgroup 
H, E Qss. Moreover if C&K) = (x) x D, where D, is extraspecial of width 
1 and if C,(X) = I, then D& is faithful on Hz . Now Hz has 54 noncentral 
involutions which form a single conjugacy class in HzDz , so if t, is an involu- 
tion of H,\(t) then 1 C(t,) n H,Iz 1 = 26+B. We have C(t,) n H, = (tz) x H3 
with H3 E Qs * D, and H3 Q H,I, , 1 H31z 1 = 25+i3. Now t, centralizes an 
extraspecial subgroup D, - D, of O,,,,(M) which admits H,I, . If H,I, is 
faithful on D, we get 1 N(D,) n C(t,): C(D,) n C(t,)j > 25+a, and the 
maximality of /3 is contradicted. So H& is not faithful on D, , so there is 
iEHJa--H3with[Da,i]=1. 
By Lemma 3.4(b) we get i E Z(O,(C(t,))), so i centralizes H3 . But this is 
not possible since D2<i) is faithful on H, . This proves that case 3 cannot 
occur. 
Hence, we have at least proved that d = 2. From this it follows that 
C,(u) = Z(T) or C,(u) E Z(T) * Qs for a E A#, so T has width at most 4. 
Finally we must show that Z(T) has order 2, so suppose that Y = Z(T) 
has order at least 4. Then we can choose a E A# with C,(u) = Y * Q, Q E Qs . 
Let K = Cc(u), so that Y * Q is faithful on a Sylow 3-subgroup P 
of O,,,,(K). Let D be a critical subgroup of P of exponent 3. We have 
[Y * Q, C(Z) n D] = 1, where as before 2 = sZ,( Y), and so C(Z) n D = (a). 
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Since d = 2 and Y * Q has rank 2 we easily find that (a]; = Z(D) so that D 
is extraspecial of width 2. 
Now we can choose an involution t E T w Q - Z such that D, = C,(t) is 
extraspecial of width 1 and such that Y is faithful on D, . Hence I 1’ 1 = 4. 
Let L = C,(t). As D, < L and D, has rank 2 then L - C(z) and 
H = O,(L) - T. Clearly, we must have C,(a) = Z(H), so H has width 
exactly 3. Thus HE Z, * Qs3, and L/H C+ Sp(6,2). 
As d = 2 and S,-subgroups of Sp(6,2) are Z, 2 Z, then D, is a Sylow 
3-subgroup ofL. Kext, we have CT(t) = (t> x T1 where T1 s Z, * Q8 + D, . 
As[D,,Z]=D,thenZ~H,soT,~H=l.AsH~kI~*(D,;2)thenL 
is nonsolvable. At this point, it is easy to see that L cannot exist. For instance 
we have {H} = &*(D,; 3’), so L/H has a unique minimal normal subgroup 
N, and N is simple. Evidently j AT 1 has four distinct prime divisors, and 
moreover T1 cannot be isomorphic to a Sylow 2-subgroup of L/H, so 
1 L: H ia > 2’. As 1 Sp(6,2)! = 2$ . 3* . 5 . 7 then L/H is isomorphic to a 
subgroup of Sp(6,2) of index at most 12. There are no such subgroups, so 
Lemma 3.7 is proved. 
Finally, to complete the proof of Theorem D, we must prove 
LEMMA 3.8. If p = 5 then T is extraspecial and T z Qs5 * 0,s. 
Proof. By Lemma 3.4 we have that T is extraspecial. As m(A) = d a 
simple argument shows that w > 2d, and that we can choose a E A# with 
T,, = C,(a) extraspecial of width at least 2d - 2. Let K = C,(a) with P a 
To-invariant Sylow 5-subgroup of O,S,~(K) and D a critical subgroup of P 
of exponent 5. As in Lemma 3.7, we easily get that D is extraspecial, so by 
the representation-theory for T, we get 1 D: Z(D)\ > 522”-“. We can choose 
an involution t E T, - Z(T) with CrO = (t) x T1 and T1 faithful on 
D, = C,(t). Hence / D,: Z(D)1 > 52’d-S. Hence D, has rank at least 22”-4 + 1, 
so that 22d-4 + 1 < d. This yields d < 2, hence d = 2. 
Next, as [t, D1] = 1 and D, has rank 2 then C(t) - C(Z), and D, is faithful 
on H = O,(C(t)). We get C,(a) = (t), and hence that H is extraspecial of 
width exactly 10. In fact if A, is an elementary subgroup of D, of type (5, 5) 
then H is the central product of the groups C,(A,) where A, runs over the 
5 noncentral subgroups of D, contained in A, . Since C,(A,) g Q8 + D, 
we get HE Q,5 * D,j, so the proof of Lemma 3.8 is complete. 
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